Abstract. In this paper, we generalize the Hersch-Payne-Schiffer inequality for Steklov eigenvalues to higher dimensional case by extending the trick used by Hersch, Payne and Schiffer to higher dimensional manifolds.
Introduction
Let (M n , g) be a compact connected Riemannian manifold with nonempty boundary. The Dirichlet-to-Neumann map L : C ∞ (∂M) → C ∞ (∂M) for functions is defined as
whereû is the harmonic extension of u ∈ C ∞ (∂M) and ν is the outward normal vector field on ∂M. It is shown in [10] that L is a first order nonnegative self-adjoint elliptic pseudo-differential operator. So the spectrum of L is discrete and can be arranged in increasing order (counting multiplicities) as:
σ k is called the k-th Steklov eigenvalue of (M n , g). The Steklov eigenvalues have been intensively studied recently. [2] makes an excellent survey for recent progresses of the topic.
In 1974, Hersch,Payne and Schiffer [4] proved the following inequality: by an elegant trick using conjugate harmonic functions. Here Ω is a bounded simply connected domain in R 2 with smooth boundary and L(∂Ω) is the length of ∂Ω. In fact, in [4] , Hersch, Payne and Schiffer also obtained similar inequalities for multiple connected domains.
The Hersch-Payne-Schiffer inequalities was recently generalized to surfaces of higher genus by Girouard and Polterovich via different techniques using the Ahlfors map in [3] . In fact, they proved:
Here Ω is a compact oriented surface with genus γ and l connected boundary components. When γ = 0 and l = 1, it recovers the HerschPayne-Schiffer inequality for bounded simply connected plane domains. However, when γ = 0 and l > 1, (1.2) is different with the HerschPayne-Schiffer inequality for multiple connected plane domains in [4] . In [7] , Raulot and Savo introduced the following Dirichlet-to-Neumann map for differential forms. Let ω ∈ A r (∂M), the Dirichlet-to-Neumann map L (r) for r-differential forms is defined as
Hereω is the tangential harmonic extension of ω. It is shown in [7] that L (r) is also a first order nonnegative self-adjoint elliptic pseudodifferential operator. So, the spectrum of L (r) is discrete. We arrange the eigenvalues of L (r) in increasing order (counting multiplicities) as:
There is a different Dirichlet-to-Neumann map for differential forms in [1] where the authors used another kind of harmonic extension for differential forms on the boundary. However, the Dirichlet-to-Neumann map introduced in [1] is not elliptic for differential forms with positive degree, because the kernel of the map is not finite dimensional.
In this paper, by extending the trick of Hersch-Payne-Schiffer to higher dimensional cases, we obtain the following generalization of the Hersch-Payne-Schiffer inequality.
) be a compact oriented Riemannian manifold with nonempty boundary. Let σ (r) k (M) be the k-th Steklov eigenvalue for differential r-forms of ∂M and λ k (∂M) be the k-th eigenvalue for the Hodge-Laplacian operator of ∂M (both counting multiplicities). Then, for any two positive integers p and q, we have
where b k is the k-th Betti number of M.
When M is a compact oriented surface with genus 0 and l connected boundary components, Theorem 1.1 is just the Hersch-Payne-Schiffer inequality (1.1). When M is a compact oriented surface with genus γ and l connected boundary components, Theorem 1.1 is a higher genus generalization of the Hersch-Payne-Schiffer inequality different with (1.2). For example, when M is a compact oriented surface of genus γ with connected boundary, Theorem 1.1 give us the following inequality directly: (1.5)
In [5, 6, 7, 8] , the authors also obtained interesting estimates of the Steklov eigenvalues for differential forms under some nonnegative assumptions on the curvature of the manifold and its boundary. Comparing to these results, our result is free of curvature assumptions. It is just a direct generalization of the Hersch-Payne-Schiffer inequality in [4] .
Preliminaries
In this section, we recall some preliminaries in Hodge Theory for oriented compact Riemannian manifolds with nonempty boundary.
Let (M n , g) be an n-dimensional oriented compact Riemannian manifold with nonempty boundary and * be the Hodge star operator and
is the space of differential r-forms on M. Let i : ∂M → M be natural embedding, tω = i * ω for any differential forms ω on M, and
The following relations of * , t and n are useful: (2.1) t * ω = * nω, n * ω = * tω for any differential form ω. By Stokes formula and the relation above, we have
Here ν is the unit outward normal of M and
The following Hodge-Freiderich-Morrey decomposition can be found in [9] . Theorem 2.1. Let (M n , g) be an n-dimensional oriented compact Riemannian manifold with nonempty boundary. Let
and H r (M) = {γ ∈ A r (M) | dγ = 0, and δγ = 0}.
Then, we have the following L 2 -orthogonal decomposition of A r (M):
for any r = 0, 1, · · · , n. Moreover, we have the following L 2 -orthogonal decompositions for H r (M):
Let α ∈ A r (∂M) andα ∈ A r (M) be the unique tangential harmonic extension of α. That is, 
It is proved in [7] that L (r) is a nonnegative elliptic self-adjoint pseudo-differential operator of first order. So, the eigenvalues of L . Arrange all the eigenvalues of L (r) (counting multiplicities) as follows:
.
Proof of Theorem 1.1
We are now ready to prove Theorem 1.1.
where c 2 , c 3 , · · · , c p+q+b n−1 −1 are constants that are not all zero to be determined. Then, u is not a constant function on ∂M. Note that
So, * dû is a closed (n − 1)-form on M. If we choose the constants in (3.1) such that
Then, by Theorem 2.1, we know that * dû is exact. Suppose
. By Theorem 2.1 again, suppose that (3.5)α = dη + δβ + γ where η ∈ A n−3 (M), β ∈ A n−1 (M) with nβ = 0 and γ ∈ H n−2 (M) with nγ = 0. Note that (3.6) ker
So, we can choose a suitableγ ∈ H n−2 (M) with nγ = 0 such that
Let α = δβ +γ. Then So, α can be view as the tangential harmonic extension of i * α ∈ A n−2 (∂M). Furthermore, we choose the constants in (3.1), so that
b n−2 +q−1 , and
p−1 . The requirements (3.3),(3.12) and (3.13) form a homogeneous linear system of c 2 , c 3 , · · · , c p+q+b n−1 −1 with p + q + b n−1 − 3 equations. So, there are constants c 2 , c 3 , · · · , c p+q+b n−1 −1 that are not all zero satisfying the requirements (3.3),(3.12) and (3.13).
Note that, by (2.2), 
